It is pointed out that for the case of (compressible) magnetohydrodynamics (MHD) with the fields v y (y, t) and B x (y, t) one can have equations of the Burgers type which are integrable. We discuss the solutions. It turns out that the propagation of the non-linear effects is governed by the initial velocity (as in the Burgers case) as well as by the initial Alfvén velocity. Many results previously obtained for the Burgers equation can be transferred to the MHD case. We also discuss equipartition v y = ±B x .
The Burgers equation [1] has been much studied. It can be applied to a variety of phenomena, see e.g. [2] , [3] , [4] . Although this equation satisfies a number of properties which are similar to hydrodynamics, it is known to be integrable. Hence the Burgers equation does not have the properties characterizing chaotic dynamical systems. However, to some extent such properties may be simulated by random boundary conditions [5] , [6] . Also, the long time behavior of decaying solutions of the Burgers equation with an initial velocity which is homogeneous and Gaussian has been studied and many interesting properties of the spectrum have been found [7] (for a recent review of "Burgulence" we refer to the paper by Frisch and Bec [8] ). This makes it clear that a number of properties of the Burgers equation are highly non-trivial. With this in mind we present an integrable generalization of Burgers equation. The new equations are related to magnetohydrodynamics (MHD) in a way which is analogous to the relation between the Burgers equation and the Navier-Stokes equations. Essentially all properties found for the Burgers equation can be applied to the new equations, but they also contain some new features.
MHD in 1+1 dimension has been considered by Thomas [9] long time ago. The fields are the velocity v x (x, t) and the magnetic field B x (x, t), which satisfy
The first of these equations is similar to the Burgers equation. Both equations are modeled from the incompressible MHD equations. However, since incompressibility leads to triviality in 1+1 dimensions, the equation div v = 0 is not enforced, and the total (including the magnetic) pressure is taken to vanish. Also, in these equations it is implicit that variation of the density is disregarded. Similarly, the equation div B = 0 is not satisfied. It has been shown by Passot [10] that the above equations are not integrable. For a review of some of the consequences of these equations, we refer to ref. [11] .
In the following we consider a different form of 1+1 dimensional MHD, where there is really two dimensions, x and y, but where the fields are restricted to depend only on y. We restrict ourselves to the fields B x (y, t) and v y (y, t). The equation of motion 1
then becomes
Similarly, the equation
where σ is the conductivity of the fluid, becomes
The coupled set of equations (3) and (5) can be interpreted by saying that (3) is a Burgers equation with a magnetically generated pressure, governed by (5) . Like in the case of Thomas's 1+1 dimensional equations, div v = 0 is not satisfied, and we have also disregarded a possible variation of the density. Notice however that div B = 0 is satisfied in our approach and that the magnetic pressure B 2 x /2 is kept.
The main difference between our equations and those discussed by Thomas is that his equation (1) includes a term B x ∂ x v x which streches the magnetic field lines, and which competes with the term v x ∂ x B x which (in higher dimensions) breaks or twists the field lines. On the other hand, in our case the magnetic field is divergence free, and we included the magnetic pressure. Conservation of energy can easily be checked from eqs. (3) and (5) . With
one has
Assuming no "diffusion at infinity", i.e. assuming that v y and B x vanish for y → ±∞, then
Thus energy is conserved in the limit ν, 1/σ → 0.
The idea is now to compare the equations (3) and (5) to the well known solution of Burgers equation found by Hopf [12] and Cole [13] , where the diffusive terms in these equations are included. We can show that if
then the equations are integrable. We do not know if the equations are still integrable if ν = 1/σ, and/or if variations of the density ρ are included according to the conservation equation
Of course, the full set of equations can be studied numerically.
In the following we shall consider the case where (9) is satisfied. It should be emphasized that this assumption is not supposed to represent a realistic estimate of the magnetic Prandtl number P m = σν, which e.g. for liquid metals is of the order 2 10 −5 . Our excuse for having a Prandtl number equal to one is primarily that this allows a non-trivial solution of eqs. (3) and (5). Furthermore, one space dimension is anyhow not realistic.
Adding and subtracting eqs. (3) and (5) we obtain in the special case (9)
and
These two equations are of the Burgers type. We remind the reader that the solution of Burgers equation
Here u(y, t = 0) = −∂ y ψ(y). For the case where ν = 0 we have
where b(y, t) solves the implicit equation
Here b(y, t) can be interpreted as a Lagrangian coordinate, with b(y, 0) = y for t = 0. This solution can be obtained by the methods of characteristics or from the saddle point in eq. (15) for ν → 0. In this case b(y, t) →ā(y, t). In the case where there are more than one solution of eq. (17) for b(y, t) one should take the solution which maximizes the expression
with respect to b, as is obvious from the saddle point expansion of (15). For the MHD case the solution can be found in terms of the initial values
The Hopf-Cole solution of Burgers' equation then gives
Hereā
and similarlȳ
The last form of eqs. (20) and (21) 
In case where ν is taken to nearly vanish, the resulting saddle point simplifies the solutions (20) and (21), and theā's are replaced by solutions of the equations
These solutions can also be obtained by solving the original equations without diffusion (ν = 1/σ = 0) by the methods of characteristics. These solutions can be written in a form analogous to eq. (16),
where b ± (y, t) solve the equations
Like in Burgers case b ± (y, 0) = y. Also, there is a simple Lagrangian interpretation of eq. (28), since the right hand side involves the initial velocity subtracted or added to the usual Alfvén velocity B x (b ± , 0), where it should be remembered that the constant 1/ √ µ 0 ρ was absorbed in B x . In the saddle point of eq. (22) for ν → 0 we again haveā v±B (y, t) → b ± (y, t), with b ± given by the dominant saddle point, as discussed below eq. (17). It is of course easy to show directly that eqs. (26) and (27) satisfy the original equations (3) and (5) with ν = 1/σ = 0. From the solutions (26) and (27) one can read off a few simple properties. If the initial magnetic field B x (y, t = 0) vanishes no magnetic field is generated at other times. This is already quite obvious from the original equations (3) and (5) . To see this result from the solution by characteristics we notice that if B x vanishes at t = 0 it follows from (28) that b + = b − , and eq. (26) then gives B x (y, t) = 0. The velocity field will then behave as a solution of the "pure" Burgers equation for v y .
A less trivial case is when the initial velocity field vanishes,
Then we obtain both a magnetic and a velocity field as a consequence of the dynamics, namely
with
We see that if the initial magnetic field is constant, no velocity field is generated. However, in general a varying initial magnetic field is able to generate a velocity field. In MHD it has often been discussed whether there is equipartition, v y = ±B x , after a long time. It follows rather trivially that if the initial fields satisfiy equipartition, then this will be true for all times. However, in general the situation is not in favor of equipartition. In the case where the initial velocity field vanishes we see that equipartition is not possible except for the trivial initial field B x = 0. In general, we see from eqs. (26) and (27) that equipartition requires
for v y = B x and v y = −B x , respectively. In the first case it follows from eq. (28) that b − = y. Hence from the first line in (32) it follows that B x (y, 0) = v y (y, 0), so the initial fields are equal. Thus, equipartition requires very special initial fields and is not possible for general initial conditions. The considerations above do not, however, answer the question concerning equipartition after some time has passed. This requires that (32) is true in intervals for b ± which are relevant after the passage of a sufficient time. Here we shall ask what is the tendency after a short time. We start by considering initial fields which are proportional,
where λ is some parameter. We now want to solve eqs. (26), (27), and (28) perturbatively for small t. Assuming that y is not too close to zero, eq. (28) can be solved approximately,
where the assumption that y does not vanish is needed in order that the second term on the right-hand side is small relative to y. The fields in (26) and (27) can then be expanded, using
to obtain the results
We see that the first order changes in the fields do not preserve the initial proportionality. If we start with a magnetic field which is much smaller than the velocity, λ ≪ 1, then the relative change is larger in B x than in v y . If, on the other hand λ ∼ 1, i.e. the initial fields are comparable, then the corrections found in (36) are of the same order. If λ is large, i.e. the initial magnetic field is much larger than the initial velocity, then the correction to the velocity is larger than the correction to the magnetic field. Thus it seems that the non-linearity in the basic equations tend to increase the smallest initial field, for small times. We mention that the contributions to the energy from the O(t) corrections in (36) is proportional to t
which vanishes since v y (y, 0) must approach zero at infinity in order that the energy is finite. Thus the corrections in (36) give no contribution to the total energy. In this argument we have disregarded that the perturbation may not be valid very close to y = 0. We have also investigated the situation numerically, taking the initial fields v y (y, 0) = sin y and B x (y, 0) = λv y (y, 0), with −π/2 < y < π/2. We find that after a long time the fields fluctuate considerably. In general, there is no equipartition, except for λ = 1. The (fluctuating) ratio
is maximally of order 0.006 for λ = 0.2 after a long time (t = 14). For λ = 0.9 one gets a maximum R value around 0.37. Finally, for λ = 1.1 one gets a maximal R around 0.5. Of course, if λ = 1 the numerical calculations give equipartition with R = 0.5 for all y. It is clear that the usual Burgers shock waves are present in our case too. From eq. (28) one has that the derivatives of b ± (y, t) become infinite for
In general there will actually be more shocks than in the "pure" Burgers case, since derivatives of the solutions (27) and (26) contain ∂ y b + as well as ∂ y b − which are infinite at t(b + ) as well as t(b − ). In our case the usual conservation form of Burgers equation are generalized to
Moreover, we also have
In the last equation one needs of course to replace 1/σ by ν in order to apply the solutions found in this note.
As already mentioned, the many highly non-trivial properties of the Burgers equation are shared by the solutions for v y and B x . This follows simply from the fact that eqs. (11) and (12) are of the Burgers type, so any property previously derived can be applied to the fields v y + B x and v y − B x . Thus, except for accidental cancelations these properties also hold for the fields v y and B x . To give an example, consider the correlation function
where we take homogeneous random fields v y (y, t) and B x (y, t) with ensemble averages. C(y, t) can be obtained from the sum of the correlation functions
Each of these two correlation functions contain fields that are solutions of the Burgers equations (11) and (12) . Hence we can use known results from Burgulence, for example from references [7] and [8] , to obtain information on C(y, t). The total energy spectrum is then given by
The total kinetic and magnetic energy is then given by
By subtracting eqs. (43) and (44) we can also obtain the correlator
The function F is related to the Lorentz force
It is now possible to repeat for example the arguments in [7] to obtain information on C(y, t) and F (y, t) if we assume initial fields which are homogeneous and Gaussian with initial spectra of the form
Here n is the spectral index and e 0 (k) is an even and non-negative function with e 0 (0) = 1 assumed to be even and decreasing faster than any power of k at infinity. The function f 0 (k) has similar properties. The energy spectrum at times different from zero can now be analyzed completely as in [7] . For example, for 1 < n < 2 the spectrum E tot (k, t) has three scaling regions. The first is for very small k's, where the large eddies are conserved and the behavior agrees with the original |k| n with a time-independent constant. The second region is a k 2 region, and the third region is characterized by a behavior k −2 , associated with the shocks. The switching from the first to the second region occurs for a k value around t −1/(2(2−n)) , whereas the shift to the last region occurs around 1/ √ t, except for logarithmic corrections. For −1 < n < 1 there is no inner region and the spectrum develops in a self-similar fashion. For a much more complete description, we refer to the original paper [7] . It would be of interest to see if somewhat similar results are valid in higher dimensional MHD. It should also be emphasized that eqs. (11) and (12) are the independent equations, and hence one has the possibilty to study more general situations than those discussed in the previous literature. For example, the fields v y + B x and v y − B x may be started out with different random initial fields and their spectra will then develop in different ways. We have already seen an example of this phenomenon in the perturbative calculation.
There is of course a very important difference between MHD in one and in higher dimensions, namely that in the latter case (differential) rotation is possible and one can have the dynamo effect. Also, the higher dimensional MHD equations exhibit genuine chaotic behavior [11] , which can only be simulated in 1+1 dimension by having random initial fields.
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